Transport equations and quasi-invariant flows on the Wiener space
Introduction
It is well known that for a bounded smooth vector field Z on R d , there exists a unique flow of diffeomorphisms U t : R d → R d generated by Z, and for any u 0 ∈ C 1 (R d ), the function u t (x) := u 0 (U t (x)) solves uniquely the transport equation Eq. (1.1) is a first-order linear PDE and allows to avoid to estimate the Jacobian of Z when a smoothing procedure is applied. Based on these facts, DiPerna and Lions [12] established a theory which enables them to get a flow of measurable maps associated to the vector field with only Sobolev regularity, and it was shown that if the divergence of Z is bounded, then the flow leaves the Lebesgue measure quasi-invariant. Cipriano and Cruzeiro [7] took the standard Gaussian measure γ on R d as the reference measure, and they obtained similar results under the hypotheses that the divergence div γ (Z) of Z relative to γ is exponentially integrable. On the other hand, L. Ambrosio [2, 3] took advantage the use of continuity equations
which allowed him to construct quasi-invariant flows associated to vector fields Z with only BV regularity. In this spirit, Ambrosio and Figalli [4] proved recently the existence and uniqueness of the so-called L r -regular flow associated to vector fields Z on abstract Wiener spaces, mainly under the low Sobolev regularity of Z and the integrability of e λ div μ (Z) for large enough λ > 0. In recent years, there are also intensive studies [5, 16, 18] on the existence and uniqueness of flows associated to vector fields in infinite dimensional space, i.e. the Wiener space (W, H, μ). In a pionner work, Cruzeiro [8] obtained a flow of quasi-invariant measurable maps U t generated by smooth vector fields Z on the Wiener space X = C 0 ([0, 1], R d ), provided that div μ (Z) belongs to the exponential class. Using the same method, this result was generalized to smooth tangent processes ξ on X in [6] , and some conditions were weakened by Gong and Zhang [14] . In this work, we follow the method of [12] and start from a finite dimensional result: Theorem 2.2 in [7] . To prove the uniqueness of the transport equation (1.1) related to the vector field Z on W , as in [4] , the key step is the estimation of the commutator:
where v is a function and P ε is the Ornstein-Uhlenbeck semigroup on the Wiener space W . The main difference with respect to [4] is that we assume that the divergence div μ (Z) satisfies X e λ 0 |div μ (Z)| dμ < +∞ for a small λ 0 > 0, (1.3) instead of a large enough λ 0 . In our case, the L p estimate for the density K t holds for a small time t, but fails to be true for a large time; instead we will prove that K t belongs to L log L for all t. The paper is organized as follows. In Section 2, we recall some elements in Malliavin calculus and put forward the connection between the commutator estimate in [4] and the geometric analysis on the Wiener space. In Section 3, we deal with transport equations on the Wiener space in full generality for its own interest. Our main contribution is the Section 4: under the hypothesis (1.3), we construct first a family of functions, seen as the coordinate functions under Haar basis, via transport equations; the flow U t will be defined by Random series, similar to Lévy's construction for the Brownian motion. We refer to [15] or to a short book [13] for the background in Malliavin calculus. For a Z ∈ L p (W, K), where p > 1 and K is a separable Hilbert space, we say that 
The Ornstein-Uhlenbeck semigroup P ε on W is defined by the Mehler formula:
Here are some basic properties of the semigroup P ε : Proposition 2.1. 
Notice that this last result was due to H. Sugita [17] . Let V n be the subspace of H spanned by {h 1 , . . . , h n } and π n the orthogonal projection from H to V n . Then π n can be extended to W , and γ n := (π n ) * μ is the standard Gaussian measure on V n . Let E V n be the conditional expectation with respect to the σ -field generated by cylindrical functions of the form
It is well known that
Now given a cylindrical vector field Z : W → H :
we consider the quantity, for x, y ∈ W , 6) where
Proof. Using the second expression in (2.6), We obtain by the integration by parts formula,
Again by integrating by parts,
Similarly,
Combining equalities (2.8), (2.9) and (2.10) lead to 
So, according to equality (2.11), we get (2.7). 2
Proof. We deduce from Proposition 2.2 that
and
(2.14)
For any 1 < p 2, we have
This plus (2.13) gives
Now by (2.1) and (2.14), we know that there exists C p > 0 such that
, which completes the proof. 2 Remark 2.4. For p = 2, the following equality holds Proof. In fact it is obvious that X A Z (x, y) dμ(y) = 0. Then
A version of the Weitzenböck formula on the Wiener space (see [15, 13] ) reads as 
Proof. We have
Summing up both sides of (2.17), we get the result. 
. Using the notationZ, the term I (x, y) in Proposition 2.12 can be expressed by
where the prime denotes the Fréchet differential.
. Then for any p, q, r 1 with 1 < p 2 and
whereZ is defined in Proposition 2.5. Replacing Z by vZ in (2.16), we obtain
The delicate term is
, we can write B 1 ε in the form
It follows that Combining with (2.19) and by Proposition 2.1(2), we get
Now the inequality (2.1) and Proposition 2.3 lead to the result. 2
By the expression (2.20), for cylindrical v and Z, we have
Again by (2.19), we have lim ε→0 B ε (v, Z)(x) = 0. Hence the dominated convergence theorem gives
Theorem 2.7. Assume p, q, r 1 with 1 < p 2 and
and Theorem 2.6, we know that {B ε (v n , Z): n 1} is a Cauchy sequence in L r (W ). We denote by B ε (v, Z) its limit in L r (W ), and we have 
Letting ε → 0 and by the above discussion, we get 
Transport equations on the Wiener space
In the sequel, we always assume 1 < p 2 and denote by D Z v or Z · ∇v the directional derivatives. Let T > 0 be given.
where
In what follows, we will discuss the existence and uniqueness of solutions to (3.1). First we prove the uniqueness under suitable conditions. Let u t ∈ L q (W ) be a solution to (3.1), we consider u ε t := P ε u t , where P ε is the Ornstein-Uhlenbeck semigroup on W . For a given F ∈ Cylin(W ) and α ∈ C ∞ c ([0, T )), we have by Proposition 2.1(3),
We know from Proposition 2.1(1) that P ε F is also cylindrical, therefore by (3.2), this last term is equal to 
The second term in (3.3) is equal to
Combining this with (3.3) and (3.4), we obtain
with the initial condition P ε u 0 .
Proposition 3.2. We have
Proof. For t ∈ [0, T ], applying Theorem 2.7 with r = 1, we have lim ε→0 B ε (u t , Z) L 1 = 0 and
Hence Lebesgue's dominated convergence theorem leads to
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again by Lebesgue's dominated convergence theorem, lim ε→0
then the transport equation
Proof. By linearity, we assume that u 0 = 0. Let u ε t = P ε u t . We have by Proposition 2.1(4),
Therefore by (3.5), for μ-a.s. w ∈ W , t → u ε t is absolutely continuous. Then for
(3.10)
Taking F = 1 in (3.10), we get
After a smoothing procedure as in [12] , we can take β(s) = (|s| ∧ M) q for M > 0 fixed. In this case, β (s) = 0 for |s| > M, and |β (s)| = q|s| q−1 for |s| < M; therefore |β (u t )| · |u t | qβ(u t ). Following [7] , for R > 0, we define 
According to (3.11), we get for some constant
By Gronwall lemma, we have for
which tends to 0 as R → +∞, for
It follows that for t ∈ [0, T 0 ],
Letting M → +∞, we see that u t = 0 for t ∈ [0, T 0 ]. Now shifting the time, u t = 0 for all
Now we are turning our attention to prove the existence of solutions to As what has been done in the above (see (3.8) 
Letting ε → 0, we have
In order to get the bound on u t L q , we proceed in two steps: 
admits the unique smooth solutionû t given bŷ
where (X t ) t∈R is the flow of diffeomorphisms associated to B:
It is known that (X t ) * γ n = K t γ n and for any q > 1, t ∈ [0, T ] (see [11, 15] ):
To fix ideas, we consider in the sequel r > 1 and
We have 
It follows that
Combining this with (3.17), we get
where C T is a constant independent of n. Next we will choose a sequence of Note that P ε B ∈ C ∞ (V n , V n ), but not necessarily bounded with their derivatives. For N 1, consider the cut-off function ϕ N ∈ C ∞ c (V n ) such that 0 ϕ N 1 and for |x| N , ϕ N (x) = 1; for |x| > N + 2, ϕ N (x) = 0 and ∇ϕ N ∞ 1.
and also
By Jensen inequality and the invariance of γ n under P ε , we have
Now using (3.23) and Cauchy-Schwarz inequality, we have the bound 
Combining with (3.24), we see that
where q is the conjugate number of q:
in L p , again up to a subsequence, div γ n (B m ) converges to div γ n (B) a.s. Using the bound in (3.24), as m → +∞, 
It follows that for a.s.
Using the relation (2.4) and Jensen inequality, we have 
Letting n → +∞, the above equality leads to
In other words, u t solves (3.13). We get the result. 2
Now let u t be a solution to
where c is supposed to be in the exponential class; let w t be a solution to
For ε > 0, consider u ε t = P ε u t , w ε t = P ε w t . We definew ε t = e −u ε t w ε t . 
Flows of quasi-invariant maps
In this section, we restrict ourselves to the classical Wiener space
, and we will construct the flow on X associated to a vector field via the transport equations. Our starting point is the following result in finite dimension, a version given by Cipriano and Cruzeiro [7, p. 186] .
Then there is a unique flow of maps
In the case of flow of diffeomorphisms on R N associated to a smooth vector field B, by taking the derivative on
with respect to s and at s = 0, we get
For any linear map : R N → R, u t := (U t ) satisfies the transport equation By the method of smoothing, for vector field B on R N satisfying the conditions in Theorem 4.1, Eq. (4.3) still holds, but in the sense of Section 3 (see [7] ). Now for n 1 and x ∈ X, we define π n (x) ∈ X by
We have π n (x) ∞ = sup 1 k 2 n {|x(k2 −n )|} x ∞ and lim n→∞ π n (x) − x ∞ = 0 for each x ∈ X. We still denote by
The space V n is of dimension 2 n d. Let {h 0 , h k,n ; n 1, k < 2 n odd} be the family of Haar functions defined on the interval [0, 1] byḣ 0 (t) = 1 anḋ For each n 1, let Z n : V n → V n be defined as in Section 2, then Z n fulfils the conditions in Theorem 4.1. Denote by U n t : V n → V n the flow associated to Z n . Then there exists a small T 0 > 0 such that the density K n t of (U n t ) * γ n with respect to γ n satisfies the estimate:
(4.9)
ThenK n t := K n t • π n is the density of (Ũ n t ) * μ with respect to μ and by (4.8) and (2.4), the following uniform estimate holds Letting n → +∞ in (4.13) gives
where we set F = ϕ • π n 0 . In other words, v k,m solves the transport equation on X,
(4.14)
Now applying the results of Section 3 (see (3.9)), for β(s) = (|s| ∧ M) 2 , β(v k,m ) satisfies also (4.14) with the initial condition β( h k,m , x ):
Letting M → +∞, we see that v 2 k,m solves the transport equation (4.14) with the initial condition h k,m , x 2 . Now replacingũ n t by (ũ n t ) 2 
Proof. We follow the idea in Levy's construction of the Brownian motion. Set
Since the supports of {h k,m ; k < 2 m odd} are disjoint, we have
x) .
Fix θ > 1, we have 
By (4.15), a n → 0 as n → +∞. We have
Taking θ 2 > 2 N , the following series
e m (t, x) 2θ 2 −m log 2 m for m big enough, so we have proved the convergence in X of the series (4.16). 2
We will denote
Next we will prove that U t : X → X leaves the Wiener measure quasi-invariant and establish the explicit expression for the density K t of (U t ) * μ with respect to μ. But first of all, we prove Proposition 4.4. LetK n t be the density of (Ũ n t ) * μ with respect to the Wiener measure μ. 18) where N is such that NT 0 T and T 0 appeared in (4.8) such that 4T 0 λ 0 .
Proof. Using the explicit expression for the density K n t of (U n t ) * γ n with respect to γ n , we have 
Then by property of flow
where A = X e λ 0 |div μ (Z)| dμ. By induction, we get for any t ∈ [0, T ], which is bounded, using (4.18), by
It follows that the family {k m,n · ; n m} is weakly compact in In what follows, we will take q = 2 and fix T 0 = λ 0 4 and consider the subsequence such that U n converges to U almost everywhere. 
